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Pijanìthtec

Perieqìmena

I Qr simoi orismoÐ kai idiìthtec.

I Qarakthristik  sun�rthsh kai ropèc.

I Diwnumik  katanom , katanomèc Poisson kai Gauss.
I Je¸rhma thc mèshc tim c.

I Endeiktik� paradeÐgmata.
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Qr simoi orismoÐ kai idiìthtec

I 'Estw èna kleistì sÔnolo N dunat¸n gegonìtwn. H
pijanìthta na sumbeÐ to gegonìc i eÐnai Pi , i = 1, 2, . . . , N.
Ja prèpei:

I να είναι θετικά ορισμένοι, δηλαδή

0 6 Pi 6 1 , ∀ i = 1, 2, . . . ,N . (1)

I Η συνθήκη κανονικοποίησης

N

∑
i=1

Pi = 1 . (2)

I An ta dunat� gegonìta eÐnai anex�rthta metaxÔ touc
isqÔoun oi exeÐc basikèc idiìthtec:

I Η πιθανότητα να συμβούν ή το γεγονός i ή το γεγονός j
είναι Pi + Pj .

I Η πιθανότητα να συμβούν και το γεγονός i και το γεγονός j
είναι PiPj .
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I 'Estw h perÐptwsh suneqoÔc katanom c ekb�sewn me
metablht  x ∈ [a, b]. H pijanìthta h èkbash na eÐnai
metaxÔ x kai x + dx eÐnai P(x)dx , ìpou P(x) onom�zetai
puknìthta pijanìthtac. Prèpei:

I Να είναι θετικά ορισμένη

P(x) > 0 , ∀ x , a 6 x 6 b . (3)

I Να ικανοποιεί τη συνθήκη κανονικοποίησης∫ b

a
dx P(x) = 1 . (4)

I Ta parap�nw eÔkola genikeÔontai gia pollèc tuqaÐec
metablhtèc, x1, x2, . . . .
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Qarakthristik  sun�rthsh kai ropèc

I H qarakthristik  sun�rthsh orÐzetai wc

f (z) =
N

∑
i=1

Piz
i , z ∈ C , (5)

gia th diakrit  perÐptwsh kai

f (z) =
∫ b

a
dx P(x)zx , z ∈ C , (6)

gia th suneq . Pollèc forèc jètoume z = e ik . Tìte èqoume

f (k) =
∫ b

a
dx P(x)e ikx , (7)

pou eÐnai o metasqhmatismìc Fourier thc puknìthtac
pijanìthtac.

4



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I Antistrìfwc, ap' th qarakthristik  sun�rthsh mporoÔme
na broÔme tic pijanìthtac wc

Pi =
∮
C

dz f (z)z−i−1 , (8)

ìpou C kÔkloc me kèntro to z = 0.
I Oi ropèc orÐzontai wc

ρn = 〈in〉 =
N

∑
i=1

Pi i
n , (9)

gia th diakrit  perÐptwsh kai

ρn = 〈xn〉 =
∫ b

a
dx P(x)xn , (10)

gia th suneq .
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I Qrhsimopoi¸ntac th qarakthristik  sun�rthsh èqoume ìti

ρn =
(

z
d
dz

)n
f (z)

∣∣∣∣
z=1

, (11)

  an jèsoume z = e ik èqoume

ρn =
1
in

(
d
dk

)n
f (k)

∣∣∣∣
k=0

. (12)

H qarakthristik  sun�rthsh mac dÐnei ìlec tic ropèc. Gi'
autì to lìgo onom�zetai kai genn tria sun�rthsh.
Sthn pr�xh mporÔme na qrhsimopoi soume thn an�ptuxh

f (k) =
∫ b

a
dx P(x)e ikx =

∞

∑
n=0

(ik)n

n!

∫ b

a
dx P(x)xn

=
∞

∑
n=0

(ik)n

n!
〈xn〉 . (13)

I IdiaÐterh shmasÐa èqei h diaspor� wc

σ2 = 〈(x − 〈x〉)2〉 = 〈x2〉 − 〈x〉2 , (14)

kaj¸c metr� to pìso diaspeÐrontai h pijanèc timèc thc
tuqaÐac metablht c x gÔrw ap' th mèsh tim c thc.
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H diwnumik  katanom 

'Estw gegonìc poÔ èqei pijanìthta 0 < p < 1 na sumbeÐ.

I Poi� eÐnai h katanom  pijanìthtac met� apì N
prosp�jeiec na èqoun sumbeÐ n gegonìta?

I 'Estw Pn,N h zhtoÔmenh katanom  pou upakoÔei

Pn,N = pPn−1,N−1 + (1− p)Pn,N−1 + δn,0δN,0 . (15)

ApoteleÐ to �jroisma tri¸n anex�rthtwn dunatot twn:

I O 1oc ìroc thn pijanìthta na èqoume n− 1 gegonìta se
N − 1 prosp�jeiec kai na sumbeÐ èna epiplèon gegonìc.

I O 2oc ìroc thn pijanìthta na èqoume n gegonìta se N − 1
prosp�jeiec kai na mhn sumbeÐ epiplèon gegonìc.

I O teleutaÐoc ìroc eÐnai anagkaÐoc giatÐ dhl¸nei th fusik 
apaÐthsh ìti me 0 prosp�jeiec èqoume 0 gegonìta.

I Pn,N = 0 an ènac ap' touc dÔo deÐktec eÐnai arnhtikìc.

I H lÔsh ja eÐnai tètoia ¸ste Pn,N = 0 an n > N.
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I OrÐzoume th genn tria sun�rthsh

P(x , y) =
∞

∑
n,N=−∞

Pn,NxnyN .

I EÔkola brÐskoume ìti ikanopoieÐ thn

P = p xy P + (1− p)y P + 1 .

I H lÔsh thc eÐnai

P(x , y) =
1

1− pxy − (1− p)y
=

∞

∑
N=0

[pxy + (1− p)y ]N

=
∞

∑
N=0

N

∑
n=0

N !
n!(N − n)!

pn(1− p)N−nxnyN .

I Telik� paÐrnoume th diwnumik  katanom 

Pn,N (p) =
N !

n!(N − n)!
pn(1− p)N−n , n 6 N . (16)

Shmei¸nw ìti aut  eÐnai swst� kanonikopoihmènh giatÐ

N

∑
n=0

Pn,N (p) = 1 , ∀ N ∈ Z και 0 < p < 1 . (17)
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H katanom  Poisson
Ac jewr soume sthn diwnumik  katanom  to ìrio

N � 1 , Np = a = πεπερασμένο . (18)

Qrhsimopoi¸ntac ton tÔpo tou Stirling

(N + b)! '
√

2πe−NNN+b+1/2 , για N � 1 και b = πεπερασμένο ,
(19)

kaj¸c kai ìti

(1− p)N−n =
(
1− a

N

)N−n
' e−a , καθώς N → ∞ ,

brÐskoume thn katanom  Poisson

Pn(a) =
ane−a

n!
. (20)

H katanom  Poisson emfanÐzetai se sust mata me meg�lo
arijmì metr sewn/gegonìtwn to kajèna apì ta opoÐa eÐnai
sp�nio. Klasik  perÐptwsh apoteleÐ h metatrop  astaj¸n
pur nwn se eustajeÐc me ekpomp  aktinobolÐac.
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I H katanom  Poisson eÐnai swst� kanonikopoihmènh

∞

∑
n=0

Pn(a) = 1 , ∀ a .

I H genn tria sun�rthsh eÐnai

f (z) =
∞

∑
n=0

Pn(a)zn = e−a(1−z) .

I Oi ropèc eÐnai

〈nm〉 = e−a
(

z
d
dz

)m
eaz

∣∣∣∣
z=1

,

ap' thn opoÐa upologÐzoume

〈n〉 = a , 〈n2〉 = a(a + 1) , 〈n3〉 = a(a2 + 3a + 1) , κλπ ,

opìte gia th diaspor� èqoume

σ =
√

a .

Oi parap�nw ropèc sundèontai me ta polu¸numa Touchard.
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H katanom  Gauss
Ac jewr soume sthn diwnumik  katanom  to ìrio

N � 1 , p = πεπερασμένο . (21)

Ja jewr soume isodÔnama to ìrio a � 1 sthn katanom 
Poisson (20), anaptÔssontac gÔrw ap' to mègistì thc.

I Gia na br¸ to mègisto thc katanom c gia m � 1
qrhsimopoi¸ thn an�ptuxh Stirling (19). 'Ara

Pm ' 1√
2πa

( a
m

)m−1/2
em−a ' 1√

2πa
eaf (x) ,

ìpou

f (x) = x − (x + 1) ln(x + 1) , x =
m
a
− 1 .

'Eqoume ìti
f ′(0) = 1 , f ′′(0) = −1 ,

�ra x = 0 eÐnai mègisto.
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I AnaptÔssontac gÔrw ap' to x = 0 èqoume

Pm ' 1√
2πa

e−ax2/2 .

I IsqÔei ìti Pmdm = Pa(x)dx kai dm/dx = a, opìte

Pa(x) =
√

a
2π

e−ax2/2 , (22)

pou eÐnai h zhtoÔmenh katanom  Gauss.
I Gia th mèsh tim  kai th diaspor� brÐskoume

〈x〉 = 0 , σ2 = 〈x2〉 =
1
a

.

I H genn tria sun�rthsh eÐnai

f (k) =
√

a
2π

∫ ∞

−∞
dx e ikxe−ax2/2 = e−

k2
2a .

I Sto ìrio mhdenik c diaspor�c,   isodÔnama sthn
perÐptws  mac, ìtan a → ∞, èqoume

lim
a→∞

Pa(x) = δ(x) , (23)

h katanom  eÐnai h δ-sun�rthsh.
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To je¸rhma thc mèshc tim c

'Estw N anex�rthtec tuqaÐec metablhtèc xi , i = 1, 2, . . . , N me
katanomèc kai genn triec sunart seic Pi (xi ) kai fi (k),
antÐstoiqa.
Poi� eÐnai h puknìthta pijanìthtac gia mia sun�rthsh
z = φ(x1, x2, . . . , xN) kai poi� h antÐstoiqh genn tria
sun�rthsh?

I Epeid  prìkeitai gia anex�rthtec metablhtèc èqoume gia
thn puknìthta pujanìthtac

P(x1, x2, . . . , xN )dNx = P1(x1)P2(x2) . . . PN (xN )dNx , (24)

ìpou dNx = dx1dx2 . . . dxN .

I Gia th genn tria sun�rthsh èqoume

FN (k) =
∫

dNx P1(x1)P2(x2) . . . PN (xN )e ikφ(x1,x2,...,xN ) .
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I Ac upojèsoume ìti

z =
x1 + x2 + · · ·+ xN

N
. (25)

Tìte blèpoume ìti h genn tria sun�rthsh gr�fetai ¸c to
ginìmeno twn antÐstoiqwn gennhtri¸n sunart sewn

FN (k) = f1

(
k
N

)
f2

(
k
N

)
· · · fN

(
k
N

)
. (26)

I Ac upojèsoume ìti mia tuqaÐa metablht  x èqei puknìthta
pujanìthtac P(x) kai genn tria sun�rthsh f (k).

I Με κατάλληλο ορισμό της x μπορούμε να εκλέξουμε
〈x〉 = 0, οπότε 〈x2〉 = σ2

.

I ΄Εστω ότι την έχουμε μετρήσει N φορές με αποτελέσματα xi ,
i = 1, 2, . . . N.

Tìte, sÔmfwna me thn (26), h genn tria sun�rthsh gia th
mèsh tim  twn metr sewn z ja eÐnai

FN (k) =
[
f
(

k
N

)]N
. (27)
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I Gia N � 1 èqoume

FN (k) =
(

1− k2σ2

2N2 + · · ·
)N

.

I An orÐsoume
σ√
N

= Σ = πεπερασμένο ,

èqoume ìti

F (k) ≡ lim
N→∞

FN (k) = e−
k2Σ2

2 ,

h opoÐa eÐnai h genn tria sun�rthsh thc katanom c Gauss

P(z) =
1√

2π Σ
e−

z2
2Σ2 .

I Autì eÐnai to je¸rhma tou kentrikoÔ orÐou: Anex�rthta
apì th morf  thc katanom c pou akoloujeÐ mia tuqaÐa
metablht , h mèsh tim  enìc meg�lou arijmoÔ metr se¸n
thc akoloujeÐ katanom  Gauss.
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Par�deigma 1o

Kanìni ektoxeÔei meg�lo arijmì sfairidÐwn me to Ðdio mètro
taqÔthtac kai me isopÐjanh katanom  se ìlec tic gwnÐec me
θ ∈ [0, π/4]. Oi kroÔseic me to èdafoc jewroÔntai plastikèc.

I Poi� katanom  akoloujeÐ h tuqaÐa metablht  tou
belhnekoÔc?

I An qwrÐsoume thn apìstash ap' to shmeÐo bol c èwc to
shmeÐo mègistou belhnekoÔc se 2 Ðsa mèrh, breÐte to
posostì sfairidÐwn pou sugkentr¸nontai sta dÔo mèrh.

I Me poiì trìpo prèpei na moirasteÐ h apìstash ¸ste na
èqoume ton Ðdio arijmì sfairidÐwn kai sta dÔo mèrh?
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LÔsh: To belhnekèc dÐnetai ap' th sqèsh

s(θ) = s0 sin 2θ , s0 =
v2
0
g

.

kai isokatanom  stic gwnÐec shmaÐnei ìti

P(θ) =
4
π

.

I 'Ara èqoume ìti

P(s)ds = P(θ)dθ =⇒ P(s) =
2

π
√

s2
0 − s2

. (28)

I 'Estw N � 1 o sunolikìc arijmìc sfairidÐwn pou
ektoxeÔsthkan. Sto 1o di�sthma me s ∈ (0, s0/2) èpesan

N1 = N
∫ s0/2

0
P(s)ds =

2
π

N
∫ s0/2

0

ds√
s2
0 − s2

=
N
3

.

Sto di�sthma me s ∈ (s0/2, s0) èpesan

N2 = N
∫ s0

s0/2
P(s)ds =

2
π

N
∫ s0

s0/2

ds√
s2
0 − s2

=
2N
3

.
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I 'Estw d h apìstash ap' to shmeÐo bol c se shmeÐo to opoÐo
qwrÐzei to di�sthma mègisou belhnekoÔc se dÔo mèrh. Gia
na èqoume ton Ðdio arijmì sfairidÐwn ja prèpei na isqÔei∫ d

0
P(s)ds =

∫ s0

d
P(s)ds =⇒ 2

π
sin−1 d

s0
=

2
π

cos−1 d
s0

.

I Prèpei na epilÔsoume thn exÐswsh

sin−1 d
s0

= cos−1 d
s0

=⇒ d
s0

=

√
1−

(
d
s0

)2
.

Telik� brÐskoume

d =
s0√
2
' 0.707s0 . (29)
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Par�deigma 2o

I UpologÐste thn puknìthta pijanìthtac P(s), ìpou s h
apìstash dÔo tuqaÐwn shmeÐwn sthn perifèreia tou
monadiaÐou kÔklou.

I D¸ste th genik  èkfrash gia thn 〈sn〉.
I Poi� eÐnai h 〈s〉, h 〈s2〉 kai h diaspor�?

LÔsh:

I 'Estw ta tuqaÐa shmeÐa A kai B sthn perifèreia tou
monadiaÐou kÔklou me suntetagmènec

A : (x , y) = (1, 0) ,

B : (x , y) = (cos θ, sin θ) , 0 6 θ 6 π . (30)

I H apìstas  touc eÐnai

s =
√

(1− cos θ)2 + sin2 θ = 2 sin
θ

2
, 0 6 s 6 2 . (31)
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I Epeid  ta shmeÐa eÐnai tuqaÐa, h gwniak  touc katanom 
eÐnai

P(θ) =
1
π

. (32)

I 'Ara

P(s) = P(θ)
dθ

ds
=

1/π√
1− s2/4

. (33)

Ek' kataskeu c h kanonikopoÐhs  thc eÐnai h swst , dhlad ∫ 2

0
ds P(s) = 1 .

I Ex' orismoÔ

〈sn〉 =
∫ 2

0
ds P(s)sn =

1
π

∫ 2

0
ds

sn
√

1− s2/4

=
2n

π

∫ 1

0
dx xn/2−1/2(1− x)−1/2

=
2n

π
B

(
n + 1

2
,
1
2

)
=

2n

π

Γ
(

n+1
2

)
Γ

(
1
2

)
Γ

( n
2 + 1

) ,

ìpou B(x , y) h B ta sun�rthsh.
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I Qrhsimopoi¸ntac ìti Γ(1/2) =
√

π, èqoume ìti

〈sn〉 =
2n
√

π

Γ
(

n+1
2

)
Γ

( n
2 + 1

) . (34)

I Gia n = 1 èqoume

〈s〉 =
2√
π

Γ(1)
Γ(3/2)

=
4
π
' 1.27 > 1 . (35)

H mèsh tim  thc apìstashc dÔo tuqaÐwn shmeÐwn sthn
perifèreiac enìc kÔklou eÐnai megalÔterh thc aktÐnac tou.
Gia n = 2 èqoume

〈s2〉 =
4√
π

Γ(3/2)
Γ(2)

= 2 . (36)

'Ara h diaspor� eÐnai

σ =
√

2− 16
π2 ' 0.62 . (37)
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Par�deigma 3o

Gia thn tuqaÐa metablht  x h katanom  pijanìthtac eÐnai

P(x) = e−x , 0 6 x < ∞ . (38)

I BreÐte thn mèsh tim  〈x〉 kai thn tupik  apìklish σ.

DÔo tuqaÐec metablhtèc x1, x2 eÐnai statistik¸c anex�rthtec
metaxÔ touc kai akoloujoÔn thn (38).

I BreÐte tic 〈x1 + x2〉 kai 〈x1x2〉.
I Poi� eÐnai h antÐstoiqh qarakthristik  sun�rthsh?

I BreÐte thn katanom  gia thn tuqaÐa metablht  s = x1 + x2.

I BreÐte thn katanom  gia thn tuqaÐa metablht  r = x1 − x2.
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LÔsh:

I Ap' ton orismì

〈x〉 =
∫ ∞

0
dx xe−x = Γ(2) = 1 .

kai

〈x2〉 =
∫ ∞

0
dx x2e−x = Γ(3) = 2 =⇒ σ2 = 1 .

I 'Eqoume

〈x1 + x2〉 = 1 + 1 = 2, 〈x1x2〉 = 1 · 1 = 1 .

I Ex' orismoÔ h genn tria sun�rthsh gia tic x1 kai x2 eÐnai

Φ(k) =
∫ ∞

0
dx e−x(1−ik) =

1
1− ik

.

23



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I Ap' th jewrÐa h genn tria sun�rthsh gia thn tuqaÐa
metablht  s = x1 + x2 eÐnai to ginìmeno twn epimèrouc:

Φs (k) = [Φ(k)]2 =
1

(1− ik)2
.

Tìte

P(s) =
1

2π

∫ ∞

−∞
dk

e−iks

(1− ik)2
.

To olokl rwma upologÐzetai me th jewrÐa twn
oloklhrwtik¸n upoloÐpwn.

I Χρησιμοποιούμε ως περίγραμμα ολοκλήρωσης ημικύκλιο

άπειρης ακτίνας εκτεινόμενο στον κάτω μιγαδικό επίπεδο.

I Ο διπλός πόλος είναι στο k = −i .
'Etsi brÐskoume

P(s) = s e−s , s > 0 . (39)
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I Sthn perÐptwsh thc tuqaÐac metablht c r = x1 − x2 h
genn tria sun�rthsh eÐnai

Φr (k) = Φ(k)Φ(−k) =
1

1 + k2 .

Tìte

P(r) =
1

2π

∫ ∞

−∞
dk

e−ikr

1 + k2 .

To olokl rwma upologÐzetai me th jewrÐa twn
oloklhrwtik¸n upoloÐpwn.

I Χρησιμοποιούμε ως περίγραμμα ολοκλήρωσης ημικύκλιο

άπειρης ακτίνας εκτεινόμενο στον άνω (κάτω) μιγαδικό

επίπεδο για r αρνητικό (θετικό).
I Αντίστοιχα, ο απλός πόλος είναι στο k = i (k = −i).

'Etsi brÐskoume

P(r) =
1
2
e−|r | , −∞ < r < ∞ . (40)
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